
Monday , November 24 ,
Lecture 36 : Euler-Lagrange
-

Midterm next Wednesday .

Review Monday , Course Evaluations
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Big idea : if we can find an F

which encoles

the physics
of our system, Euler-Lagrunge eqn

allowsas to find equs
of motion !



Ex : Brachistichrone Problem Cake the pinewood terby problem
- --

Shortest time

Fix two points .

Goal: find the curved on
which

a particle moving along & gets1
cao)"um from origin to p the fastest.
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(from rest)

Fastest = minimize time,

· Epaths] = &graphs y(x)
with y(0) = 0 a 6 y (x) =y .]
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and from rest= initial
velocity

is Euro
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Let's use conservation of energy to help :

kinetic : 1mv2=m(
2

potential : -may

Initial energy
= Kinetic + potential = 0

= energy
at any point (xy)

↓mu = may
= v =Egy
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So
,
we want to minimize

I = f6t = J=:
-

↓s :Mby F(x
, y ,y)

: Fy12dx

Apply Euler-Lagrange :
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Notice : F is only indirectly a function of X :
F(x

, y ,y) = Fly ,y) ,

but y
: y(x) :

and
y = y'(x) :

= O=
multiply 6 y

8-y_
= EF-EF ,Y) ,

↳
-

since Y &

EXIF-y) :Lyy"-y
- Ey



https://en.wikipedia.org/wiki/
Brachistochrone_curve

=> O :E(F- this trickiscla

the Beltrami identity

There are
other tricks

So in Bons.

F-y=

=-

↳
=2g]

city = (1 + y 2)y

This is it toodad of on ODE to solve.

Get the parametric equs
x (t)= vey It-sinth

y(t) = tzy(l - cost)
⑨

These describe aeit:
⑨

Animation :


